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Abstract. Let X = {X-t)^^^^ be a stable Levy process of index a G (1, 2) and 
let Ta;, for a: > 0, denote the first passage time of X above level x. The absolute 
continuity of the law of , as well as an expression for its density function fx^ 
in terms of the entrance laws of the excursion measure of the reflected process 
at the minimum, can be deduced, in a more general framework, from recent 
results due to Chaumont. In this work, we give an alternative and elementary 
proof of the absolute continuity of the law of Tx which gives a new insight 
to the problem. Moreover, we obtain a new expression for the density Jt^ in 
terms of the variable , which was introduced in a previous work as the limit 
of Tx when the overshoot tends to 0+. Finally, we establish a relation with the 
process conditioned to die at 0, which permits to make the link between the 
expression for the density obtained in this paper and the existent literature on 
this topic. 



1. Introduction 

Let X = (Xt,t > 0) be a stable Levy process with index a 6 (1, 2) and positivity 
parameter p. This paper concerns the study of the law of the first passage time 
of X above a positive level x, namely, = inf{s > : Xg > x}. Using the 
scaling property, it is easy to check that this law is related with the law of the past 
supremum St — supjXs : < s < t} by means of the following identity: 

T"5r". (1.1) 

It is a well known fact that the law of S\ is absolutely continuous with respect 
to the Lebesgue measure. A proof of this, as well as an integral representation for 
the density function jsx^ can be found in |10l Theorem 4, p. 168] in the case of 
symmetric stable processes, and in [T21 Theorem 1, p. 422] in the case of general 
stable processes. Thanks to (jl.ip . we conclude that the law oiT^ is also absolutely 
continuous and that its density is given by: 

hM = -^t-^'^ Is.ixt-^)- (1.2) 
a 

When X has no positive jumps, it is known that the density function of Xt, 
denoted by pt, and /t^ verify the Kendall's identity (see e.g. [31 p. 190] or [5]): 

-/tJ^) = 7Pt(a;), a;,i>0, 
a; t 

thus, the known series representations for -pt (see [151 p. 87-89]) lead to series repre- 
sentations for . On the other hand, when X has no negative jumps, infinite series 
representations for Jt^ can be deduced from those obtained in [21 Theorem 1] for 
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■ More recently, in |13j Kuznetsov obtain series representations and asymptotic 
expansions for the density of the supremum for a large class of stable processes. 

In the general framework of Levy processes, Chaumont in [5] obtain necessary 
and suificient conditions, under which the law of St is absolutely continuous. Partic- 
ularly in the stable case, Chaumont exhibits a representation of the density function 
fsi in terms of the entrance laws of the reflected excursions at the minimum (see 
also [T]). Additionally, Doney and Savov in obtain an equivalent representation 
in terms of the law of the terminal value of the dual stable meander of length 1. 
Similar representations for fx^ can be deduced from these results by using (|1.2p . 

In [3] the random variable T° is introduced as a first passage time above the level 
X, when the associated overshoot is conditioned to be equal to 0. Characterizations 
of its law are also provided. The main results of this work are (1) to provide an 
alternative proof of the absolute continuity of the law of Tx, (2) to establish, in an 
elementary way, a new representation for the density function /^^ in terms of the 
law of and (3) to reobtain the representations of fs^ presented by Chaumont in 
[5] and Doney and Savov in from the aforementioned relations. 

The organization of the paper is as follows. In Section 2, we start by giving some 
definitions and recalling some preliminary facts about stable processes. Then, we 
recall the definition of the random variable as well as some results concerning 
the characterization of its law. 

In Section 3, we establish the asymptotic behavior around of the distribution 
function of T^, based on the tail distribution of the variable . 

In Section 4, we show a simple relation between the Mellin transforms of the 
variables and T^. Using this relation, we give a direct proof of the absolute 
continuity of the law of and simultaneously, we obtain the desired representation 
for its density. 

In Section 5, we look to the process {Xg, < s < t) on {t < Ta;} conditioned on 
the event that the overshoot at time is smaller than e, and then we consider the 
limit when s tends to 0+. This approach provides a relation between the asymptotic 
law and the law of the dual process conditioned to die at 0. As a consequence of this 
relation and the expression of the density Jt^ obtained in Section 3, we reobtain 
both, Chaumont and Doney and Savov representations of the density fs^ ■ 

2. Preliminaries 

2.1. Definitions and notations. Let T> — X'([0, +oo)) be the space of cadlag 
paths uj : [0, +cxd) — > M U {S} with lifetime <;(aj) — mi{s : aj(s) = 6} where S is 
a cemetery point. Let X ~ {Xt,t > 0) denote the coordinate process, and let 
(J-t,t > 0) denote its natural filtration. 

Let P be the law on V such that the coordinate process X under P is a stable 
Levy process with index a G (1, 2), that is, under P, X has stationary independent 
increments and satisfies the scaling property of index a, which states that the 
process {Xat, t > 0) has the same law as (a^/" Xt,t > 0). For every a; G R, P^ will 
be the law of the canonical process starting at point x, that is, the law oi X + x 
under P. 

The characteristic exponent of X, ip{X) — — In (£'[exp(iAXi)]), has the form (see 
[3], [m and [HI): 

^(A) = c\Xr (l - ^ sgn (A) tan (^(2p - 1)) ) , 

where c > is a constant and p = P{Xi > 0) is the positivity parameter. We are 
interested in the case when X has positive jumps. This condition can be expressed 
in terms of the parameters of X by the relation ap < 1. 
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Let Ta denote the entrance time of a set A C M of X: 

Ta = Ta[X] = inf{s >Q:X,eA}, 

with the convention inf = +cxd. When the set A has the form [a;,+oo) for some 
X > 0, we simply write instead of T^x,+oo)i the first passage time of X above the 
level X. We denote the overshoot at time by K^, that is, 

Kx = Xt, - X. 

We denote by P the law of the dual process X ~ —X under P. For a; > 0, P^; is 
the law of the dual process starting at x, i.e., the law oi x + X under P. 

For a; > 0, Qx denotes the law on V of the process (X, P^) killed when it leaves 
[0, +oo), i.e., 

Qx {A,t< ^) = Px (A,t < T(_oo,o)) , t>0,AeTt. 

It is easy to check that the process {X,Qx) is a Markov process. We denote its 
semigroup density by {qt,t > 0). For x > 0, we define the measure Qx as well as 
the semigroup {qt,t > 0) in the same way, replacing the process X by its dual X. 

Let St and It denote the past supremum and the past infimum of X respectively, 
that is, for alH > 0, 

St = sup Xs and It = inf Xg- 

0<s<t 0<s<t 

It is well known that the reflected processes R ~ S — X and R = X — I are 
strong Markov processes (see Since the origin is always regular for (— cxd,0) 
and (0, +oo) for stable processes, we conclude that the origin is regular for itself 
for R and R. We can therefore define L and L, the local times at of the processes 
R and R (see e.g. [31 Chapter V]). We choose a normalization of the local times L 
and L so that: 

(7 \ (7 A 

E / e-'dLs \=e\ er'dL, = 1. (2.1) 

Let r and r be the right continuous inverses of the local times L and L respectively. 
By [21 Lemma 1, Chap. VIII] , r and r are subordinators of index p and 1 — p, 
respectively. Thus, under (|2.ip . their Laplace exponents are given by (j){q) ~ 
and ^(g) = q^-P. 

The Ito measure of excursions away from of the processes R and R are denoted 
by n and n. These measures are Markovian with semigroups {qt,t > 0) and {qt-,t > 
0) respectively. We denote by {rt,t > 0) and (ft, t > 0) the densities of the entrance 
laws of the reflected excursions at the maximum and at the minimum, i.e., for t > 0, 

_ n {Xt <E dx, t < <;) ^ f \ _ n {Xt E dx, t < <;) 

'''^'^>- di '''''^ '^'^'^^^ di ■ 

For t > 0, p(™^*) denotes the law of the stable meander of length t, that is, the 
image of n(-|<; > t) under the mapping w H' {w{s),0 < s < t). The law of the dual 
stable meander of length t, is defined in the same way, replacing n by n. 

2.2. The density function of 5*1. As we stated before, Chaumont has proved in 
[5], that the density function of 5*1 admits the following representation: 

1 
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Doiiey and Savov proved in Lemma 8] , the following representation of fs^ : 

sin(7rp) f p-r''\x) 
Is, (x) = / — i 7- X > 0, (2.3) 



where p^™'*^ is the density function of the terminal value of the dual stable meander 
of length t. Both representations are equivalent, and we can pass from one to the 
other by using the elementary identity: 

Mx) = Y^^tP-'p["'''\x). (2.4) 

These representations are obtained by using the excursion theory for Levy processes. 

2.3. The process conditioned to die at 0. In this paragraph we recall the 
definition of the process conditioned to die at in the particular case of stable 
processes (see [7]). For a more general and detailed treatment of this subject see 
0. 

According to the results of [TC], the excessive version of the potential density 
of the subordinator {—Xf^,i > 0) is harmonic for the process {X,Qx), x > 0. 
Moreover, the function h defined by: 



h{x) = E 



'^{it>-x}dLt 



X > 0, 



is invariant for this process and the potential density of (— > 0) is h' . For 
each X > 0, we denote P^, the law of the /i-process associated with the semigroup 
{qt^t > 0) and the function h' . That is, 

P>(A,t < = j^eQ [h'iXt) 1a !{*<,}] , t > 0, A e J-t. 

This law was introduced in [S], where it is shown that this process approaches at 
its lifetime. In other words, the process {X, P^) corresponds to the process {X, P^) 
conditioned to die at 0. 

Following the same procedure, but replacing the process X by its dual A, we 
can define the function h with the analogous properties of h. Then, for each x > 0, 
we define the law P^ as the /i-process associated with the function h and the 
semigroup {qt^t > 0). 

In the stable case, the functions h and h have the following explicit form (see 

my 

/i(x) = cx"(^-'') and h{x):^cx"P x > 0, (2.5) 

where c and c are constants depending only on the respective normalizations of the 
local times L and L. A direct proof of these identities is given in |17[ Proposition 
2.3]. In section 5, we give an alternative proof, which allows to obtain explicitly 
the constants c and c corresponding to the normalization (j2.ip . 

2.4. Some asymptotic distributions. The law of the overshoot is well known 
in the literature. In |14| . Ray gives an expression for its density in the symmetric 
case. In Bingham generalizes this result to the case when X is not spectrally 
negative (see also [T7l Lemma 4.1] and |9l Corollary 1]). These results can be 
summarized in the following identity in law: 

K. ^ X {-^ l) , (2.6) 
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where Pap,i-ap is a beta random variable with parameters ap and 1 — ap. As 
a consequence (see O Lemma 2]), the asymptotic behavior of the distribution 
function of around 0+ is given by: 

< /,) ^ f^V""' as h^Q+. (2.7) 



7r(l — ap) \x 

Other results that we use in this work concern the behavior of the distribution of 5*1 
around 0+ and its asymptotic tail distribution, which are given by ([H Theorems 
3a and 4a]): 

P{Si<x) ^ kox^P as x^0+, (2.8) 

and 

P{Si > x) ^ koo x~°' as X ^ +00, (2.9) 

where feg and fcoo are explicit constants, which can be expressed in terms of the 
parameters c, a and p as follows: 

ciP r(l-p)r(l + «p)' k^=cina)^—, 



and 



Cl 



sec( — (2p-l) 



2.5. The asymptotic variable T^. In the rest of the section we recall some tools 
obtained in [H]. These results are the starting point to obtain a new representation 
for the density function fx^ . 

First, we introduce for each x,e > the random variable whose law is given 
by: 

P(T; e-) = PiT,e - I < e). 
The asymptotic behavior of these variables is given by the following theorem: 

Theorem 2.1 ([9j Theorem 2 and Proposition 6]). If ap < 1, we have that for 
each X > 0, the family of random variables {T!f}^>g converges in law as s tends to 
0+. The limit is denoted by and its law is given by : 



' koirp 



Tx l{T^<t} 
(t - T,) 



In particular the law of admits no point masses. 

Remark 2.2 (Laplace transform). An alternative characterization of the distribu- 
tion of is given by its Laplace transform (see [HI Proposition 5 and Theorem 
2\): 

E [exp(-Ar," )] - ^ x'-^P X-P fx{x), (2.10) 

kQT{l-p)ap 

where fx is the density of the law of Se^^ and ex is an exponential variable with 
parameter X, independent of X . 

Remark 2.3 (Scaling Property). The scaling property for X entails: 



and this property yields: 



(Tqx^I^cx) — (c Tx^cKx): 



{l<^) arr.0 
CX ^ X ' 
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3. Distribution of r° for small times 

In this section we study the behavior of the distribution of for smaU times. 
More precisely, we estabhsh the rate of convergence to of P(T" < u) when u tends 
to 0+. 

The function f\ can be expressed as (see [21 Proposition 3]): 

Xo. 

fx{x) = —E [T, exp(-AT,)] , x > 0. (3.1) 

For a; > 0, we introduce the function £x : (0, +oo) — (0, +oo) defined by: 

4(A) = Xfx{x), A > 0. 
The next lemma establish the asymptotic behavior of the function at infinity. 
Lemma 3.1. For all x > 0, the function is slowly varying at +oo, more precisely: 

lim 4(A) = 

Proof. First note that using (j3.ip and applying the Fubini's theorem, 

+ 00 



4(A) = 

X 



e-'"{l-v) dv 



= -— / e-^l-v)P{T, <-]dv, 







A 

and then, thanks to the scaling property (or directly using (jl.ip l. we have: 



+ 00 

4(A) = / e-^l-v)p(^S,>^-^^ dv, 



+ 00 

= [ e^^iv-v^)u(^]dv, 

J ^ ^ y yl/a J 



where U{y) ~ -^(■^i >f ) y ^ gy (j2.9p . the function U is bounded and lim U[y) = 1. 
Thus, the result follows from the dominated convergence theorem. □ 

The next proposition states the behavior of the distribution function of for 
small times. 

Proposition 3.2. For every x > .• 

P(rO < ^) ^ ^ ^y^^^^ ^ u^^" as w^0 + . 

' ^ - ' /Co V(l + P) 

Proof. By (|2.10p . the Laplace transform of can be expressed as: 

E [cxp(-ArO )] ^ ■ . x^-°^A-(^+^)4(A). 

fcor(l - p)ap 

So, according to Lemma l3. 11 we have: 



\-^^+p) as A-> + 



oo. 



pr(i-p) 

The result is a consequence of the Tauberian theorem (see |31 p- 10]). □ 
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Remark 3.3. By the scaling property, (|2.9p can he rephrased in terms of the dis- 
tribution of Tx as follows: 

P{Tx < ti) ^ koo x~°' u as li — > + . 

It is pertinent to note that the speeds of convergence of the distributions of and 
around 0+ are different. 

4. Absolute continuity and density representation 

The purpose of this section is to provide an alternative proof for the absolute 
continuity of the law of and to obtain a new representation for its density fr^ 
in terms of the law of the random variable T^. 

4.1. Mellin Transforms. Note that, from and ((^ and the relation (fTTTjl . 
we get that, for all 7 e ( — 1, p), 

E[Tx"'] < +00. 

On the other hand, by Proposition 13. 2[ we have that for all /3 G [0, 1 + p): 



E 



1 

TS 



< +00. 



In fact, there is a simple relation between the moments of Tx and those of T^?, which 
is stated in the next proposition. 

Proposition 4.1. For all x > and /? e C with Re(/3) G (0, 1 + p): 



E 



1 



1 



where -B(-, •) is the beta function. In particular. 



x-^PE 



E 



sui{ttp) 

fcoTT 



Proof. By the scaling property of T" and Tx, it suffices to prove the result for x = 1. 
Let fix /3 G C with Rc(/3) G (0, 1 + p), by using the identity 

+ CXD 



1 



m 



e-'^'s'^-^ds, 



we have: 



E 



+ 00 



E 



-sTV 



sP-^ds 



and then, by using (|2.10p and ([5TT|) : 



E 



1\' 



+ 00 



fcopr(/3)r(i 


-p) 


1 




fcopr(/3)r(i 


-p) 




1) 


fcopr(/3)r(i 


-p) 



E 



E 



-f-OO 

Ti j e-'^^s^-Pds 



T 







(Fubini's theorem) 



which proves the result. 



□ 
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4.2. Density representation of the law of T^. The relation between the mo- 
ments of Tx and the moments of T° stated in the Proposition 14.11 is the key point 
in order to prove the next theorem. 

Theorem 4.2. For all a; > 0, the law of is absolutely continuous with respect 
to the Lebesgue measure on [0, +oo) and its density is given by: 



fT^{t) = kop — E 



lira 



{TS<t} 



t > 0. 



Proof. Recall that the moments of a beta variable of parameters a,b > are given 
by: 

r(a+p)r(a + 5) 



E 



BP 



-, Rc{p) > —a. 



T{a + b + p)r{a)' 

Then, the relation between the moments of and obtained in Proposition 14. II 
can be expressed as: 



E 



E T,-P = 



1 y { n V 



E 



(^) 



, Re(p) e 



(4.1) 



where Pp^i-p is a beta variable of parameters p and 1 — p independent of T°. Let 
be the law of and Vx the probability measure on [0, +00) given by: 



''x ([s,t)) 



E 




p 


E 







0< s <t. 



The identity (|4.ip says that the Mellin transforms of the measures p^ and i/^. coin- 
cide on the strip {z £ C : Re(z) G (0, 1 + p)}, which implies that they are equal. In 
particular : 

, p 



E 



ds. 



(4.2) 



si-P(l-s)'' 


Note that by using Fubini's theorem and the change of variable u — T!^/s, we get: 



E 



1 V 1 



s^-P{l - sY 



ds = E 



E 



f^yUTS<t} j sP-'il-syds 



l{T«<t} 



TS/t 
1 



rds 



Applying Fubini's theorem to the right hand term and plugging the resulting ex- 
pression in (|4.2p , we obtain: 



P{Tx <t) = kopx'^P f-E 
J u 


Which conclude the proof 



1{T0<m} 



du. 



□ 
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5. Relations with the process conditioned to die at 



By definition, the construction of the variable uses only information of the 
joint law of {Tx,Kx). In this section, we consider the problem from the point of 
view of the process. That means, we look to the process {Xg, < s < t) on {t < Tx} 
conditioned on the event {K^ < e}, and we study the asymptotic behavior when s 
goes to 0+. This approach provides a relation between the resulting limit process 
and the dual process starting at x and conditioned to die at 0. 

5.1. The process conditioned to die at as a limit process. We start with 
a technical lemma, which will be useful for the forthcoming theorem. 



Lemma 5.1. For all x,t > Q we have: 



E 



Proof. Note that: 



E 



l{T,>t} - ^t) 



OLp— 1 



E 



l{T(_„,o)>t}^t 



ap— 1 



l{,yt}h{Xt) 



iE9 



The result follows from the fact that the function h is ($t)-excessive (see [5] and 

nn). 



□ 



Now. we can state the main theorem of this section. 
Theorem 5.2. For all x,t>{) and A G J-t, we have : 

lim P (A, > 1 1 i^, < e) = P>(A„ C > t), 

where = {w : x — w Cz A}. 

Proof. Fix a;, t > and A G Tt. Note that: 

P{A,Tx>t\ <e)^E 

and then, by using Markov property, we obtain 



lAl{T,>t} 



E[Kx < e I Ft] 



P{k,T,>t\K.,<e)=E 

where tp{y] e) = P [Ky < e). 

Using (|2.7p . we get that for ail y, z > 0: 



1a l{T^>t} 



P {K, < e) 
ipix - Xt;e) 



V'(x;e) 



ap— 1 



Moreover, by using the identity in law (|2.6p . it holds that for all y > 0, 

1 

1 

-du. 



(5.1) 



(5.2) 



{ue + y)u'^P 



Previous expression allows to prove that for every > and e < z: 

^(2/;£) ^ ^yyp jz + e) ^ ^ (y\»p-^ 
il){z]e) - 



(5.3) 
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By (j5.2p . (|5.3p and Lemma |5. 11 we can apply the dominated convergence theorem 
in (|5.ip to obtain: 



lim^ P (A, > 1 1 <e) = E 



1a l{T,>t} 



x-Xt 



ap— 1 



Note that the right hand side can be written as: 



E 



U l{T,>t} 



ap— 1 



E 



)>t} 



ap— 1 



1a. l{T(_.o,>t} ( ^ 

Qp— 1 



ap— 1 



1a, !{<;>«} 



The result follows from the definition of 



□ 



Corollary 5.3. For all x > 0, the law ofT^ is equal to the law of the lifetime ( of 
X under P^ . 



Proof. Direct from Theorem 15.21 



□ 



Remark 5.4. Note that in Theorem 1 5. 'A the left hand process has by construction 
an overshoot equal to zero at the level x. Meanwhile, the right hand process arrives 
continuously to the level x (see [6]/ Thus, at least informally, we can see the 
random variable as a first passage time above the level x, when the process X is 
conditioned to cross the level x continuously. 

5.2. Density representation of the law of T°. In order to prove the absolute 
continuity of the law of T° and to provide a representation for its density, we give an 
alternative proof for (|2.5p , which allows to compute the constants c and c explicitly. 

Lemma 5.5 ([5J p. 384]). The functions h and h are given by: 

hix) ^T{p)kox°''^^-P^ and h{x) ^ Til ~ p) ko x"p x > 0. 

where the constant fco is obtained replacing p by 1 ~ p in the definition of kg. 

Proof. We give the proof for h. The proof for h follows the same lines. 
For q > 0, we consider the function: 



+ 00 



E 



-qrt 2 



de, x>o. 



Note that h'^{x) goes to h{x) when q goes to 0. On the other hand, it is possible to 
prove that (see the proof of [31 Theorem 18, Chap. VI]): 



-'*P(T, > t)dt = <j)iq)h'^ix) = qPh'^ix), 



and then, making the change of variable u — qt, and using (|l.ip . we can express 
this identity as: 

e-"P ( Si < ^{^y^j du = qPh\x), 
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dividing this by 5'', taking the hmit when q goes to 0+ and using (j2.8p . we obtain: 

h{x) = KoT{l- p)x°'P. 
The result yields. □ 

The following theorem states the absolute continuity of the law of and pro- 
vides two representations for its density. 

Proposition 5.6. For all x > 0, the law of is absolutely continuous and its 
density /^o is given by: 



or equivalently: 



fro it) 



Mt) 



apkoT{l - p) 



x^-°'f?t{x), t>0. 



Trap fco 



p^p-l^m,t)(^)^ t>0. 



Proof. By Corollary 15.31 and the definition of _P^, we have that: 



p(r° > t) = p>(^ > t) = eQ 



h (Xt) 
h'{x) 



4<:>t} 



(5.4) 



On the other hand, by a result due to Silverstein ( |16l Eq. (3.3)]), the potential of 
the measure n is given by: 



+00 



n I j f{Xs)ds 



f{x)h (x) dx. 



We conclude that: 



+ CXD 



h (x) = J rs{x) ds. 


Plugging this identity in (|5.4p and applying Fubini's theorem, we obtain: 

+00 

1 



Note that: 



P(T0 > = / [UXt] 1|,>,}] ds 

h (x) 







+00 



[?s{Xt) l{<;>4] = / rs{y) qt{y, x) dy ^ n+six). 



It follows that: 



p(r° > t) = / ?^{x) 

n (x) Jt 



du. 



The absolute continuity of the law of T° as well as the first identity in the statement 
are established. The second identity follows from the first one, by using (j2.4p . □ 
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5.3. Connexions with the existent Hterature. As a corollary of the previous 
results, we obtain two representations for the density function /y^ , which by means 
of pr^ . are equivalents to f^I^ and 

Corollary 5.7 ([HI Corollary 4] and [TTJ Lemma 8]). For all x > 0, the density of 
Tx admits the following representations: 

t 

X 



and 



■' ''^ ' an t J fii-P {t - s)P 



Proof. The first representation follows by plugging the first expression of /yo ob- 
tained in the Proposition 15 .61 in the expression of /r^ obtained in Theorem 14. 2 1 The 
second representation is obtained from the first one by using (j2.4p . □ 

Doney and Savov provide in the asymptotic behavior of the density p'-^'^^ 
at infinity and zero. These results and the Proposition 15.61 allow us to give the 
analogous results for /t^o . 

Corollary 5.8. There is a constant Coo > 0, such that: 

/To(t) - Cooa;t-i~i/° as t ^ +oo. (5.5) 
On the other hand, we have: 

/^„(t)^^!^!^2;-"(i+P)iP as t^0+, (5.6) 

Proof. By scaling property and Proposition 15.61 we have: 

f^„^t) = 5^!^a;i-"''<''-i-i/"pi"''^(xt-i/"). 
Trap ko 

From [TTl Theorem 1], we know that, there is a constant C > 0, such that: 

Tt''\y)-Cy"P as y ^ 0+, 

and that: 

Pi [y) ^ y as y ^ +00. 

P 

The results follow. □ 

Remark 5.9. If we knew in advance that f^o was ultimately monotone, as t ^ 0+, 
would follows directly from Proposition [ 



Remark 5.10. The results of Corollary \5.8\ can be compared to the analogous 
results for fx^, which state that (see [ill Remark b\): 

frAt) '-^ pkox^Pf^^+P^ as t ^ +oo 

and 
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5.4. An identity in law. We end this work with an identity in law, which is in 
some sense, the analogue of (jl.ip for T". In order to do this, note that from the 
asymptotic behavior of p^™'^^ (see [Tl] Theorem 1]), it is straightforward to show 
that: 



< < 



-oo. 



Thus, we can define the probability measure P'"^ on T\ by: 



p(o)(A) 



Corollary 5.11. For all a; > 0, the law of is equal to the law of x" " under 

Proof. Let g : [0,+oo) — [0, +oo) be a measurable function. By Proposition 15.61 
and the scaling property, we have: 

napko J 



Thus, making the change of variable y = xt^^l"^ ^ we obtain: 

+ CXJ 



Or equivalently: 

E[g{T',)] - ^('"'i) [Xr' 9 (x" Xr)] ■ (5.7) 

Taking 5 = 1 in the previous identity, we obtain: 



sin(7rp) 

The result follows by plugging this expression in (j5.7p . □ 
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